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Abstract

This article explores the use of two orthogonal polynomial approximation methods to derive numerical solutions for
boundary value problems involving higher-order fractional integro-differential equations. We introduce a perturbed
collocation approach that transforms these perturbed equations into systems of algebraic equations by employing
standard collocation points. The resulting algebraic systems are solved using Newton-Raphson's method, implemented
through MAPLE 18 software. Several numerical examples are provided to demonstrate the accuracy and reliability of
this method. The findings indicate that the proposed approach is both accurate and efficient. Additionally, the results
show a favorable comparison with those obtained by Zhang et al. using the Homotopy Analysis Method.

Keywords: Boundary value problems, Chebyshev polynomials, Fractional derivatives, Perturbation term, Power
series polynomials, Perturbed Collocation Method, Newton Raphson method

1 Introduction

Boundary value problems can be effectively approximated using simple and efficient numerical methods.
Problems involving the wave equation, such as determining normal modes, are often formulated as boundary value
problems. Sturm-Liouville problems represent an important class of boundary value problems, and their analysis involves
the eigenfunctions of a differential operator, as discussed by Fu et al.[2].

Zhang et al.[1] employed the Homotopy Analysis Method (HAM) to obtain numerical solutions for higher-order
fractional integro-differential equations with boundary value problems. They reported that the numerical results are in
good agreement with the exact solution and converge at higher-order approximations. Fadugba [3] presented the Mellin
transform approach for solving fractional order equations, which is widely used in applied mathematics and technology.
The Mellin transform of various forms of fractional calculus, including the Riemann-Liouville fractional derivative,
Riemann-Liouville fractional integral, Caputo fractional derivative, and the Miller-Ross sequential fractional derivative,
were obtained.

Methods for solving integro-differential equations typically combine techniques for solving both integral and
differential equations. Since closed-form solutions may not be feasible for most applications, numerical methods are
employed to obtain approximations to the exact solutions. Abubakar & Taiwo [4], in their thesis "Computational methods
for solving system of linear Volterra integral and integro-differential equations,” reported the use of successive
approximation methods and standard integral collocation to obtain numerical approximations. Uwaheren et al.[5]
developed a perturbed collocation method for solving singular multi-order fractional differential equations of Lane-
Emden Type, and found the proposed method to be efficient and yielding good results.

Other methods, such as power series, Chebyshev, and Legendre's polynomials used as basis functions, have
been applied to obtain solutions for some higher-order integro-differential equations of both linear and nonlinear types.
Akyaz & Sezer [6] used truncated Chebyshev polynomials to obtain approximate solutions of linear integro-differential
equations, and the results showed that the method is consistent. Recently, Gelele et al. [7] used power series and
Chebychev series approximation methods for solving higher-order linear Fredholm integro-differential equations using
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collocation methods. The results presented indicated that the method provides accurate results when compared with the
exact solution.

Many problems from various sciences and engineering applications can be modeled by fractional integro-
differential equations. Furthermore, most of these problems cannot be solved analytically, and finding good approximate
solutions using numerical methods will be very helpful, as pointed out by Yang et al.[8]

Several numerical methods have been recently developed to solve fractional differential equations (FDEs) and
fractional integro-differential equations (FIDES). Yang et al. and Mittal & Nigam [8-14] applied collocation methods for
solving the following: nonlinear fractional Langevin equation involving two fractional orders in different intervals and
fractional Fredholm integro-differential equations. Chebyshev polynomials method is introduced in the literature [10-12]
for solving multi-term fractional order differential equations and nonlinear Volterra and Fredholm integro-differential
equations of fractional order. Ray [13] applied the variational iteration method for solving fractional integro-differential
equations with nonlocal boundary conditions. Adomian decomposition method is introduced in Mittal & Nigam [14] and
Wazwaz [15] for solving fractional diffusion equation and fractional integro-differential equations.

In this paper, we present a numerical solution approach for boundary value problems involving higher-order
fractional integro-differential equations. To minimize higher error terms, we introduce a perturbation term into the model
equation. We then apply Power series and Chebyshev polynomial approximations to derive efficient numerical solutions
for the relevant problems. The resulting equations are collocated to form a system of algebraic equations, which allows
us to solve for the unknown coefficients.

The structure of the paper is as follows: In Section 2, we introduce preliminary definitions and key properties.
Section 3 provides the fundamental definitions and characteristics of power series polynomials and Chebyshev
polynomials. In Sections 4 and 5, we apply these polynomials to perturbed higher-order fractional integro-differential
equations using the standard collocation method, and we utilize a matrix operation solver to address the resulting systems
of equations. Section 6 presents several numerical examples to illustrate the efficiency and accuracy of the proposed
algorithm. Finally, we conclude the paper with remarks in Section 7.

Consider the general form of fractional integro-differential equation boundary value problems with Caputo

derivative defined in Zhang [1] as follows

b

sD{ut)= f (t)+yult)+ 2 k(e shu(s)ds, o)

a

subject initial-boundary conditions

uV(@)= g u"(b)=74,i=0()n @)

Where is the Caputo fractional derivative of order are given continuous smooth functions, is the unknown function to
be determined, and are real constants.where g D/’ is the Caputo fractional derivative of order o, f (t),k(t,s) are given

continuous smooth functions, u(s) is the unknown function to be determined, and a,b, 4,y are real constants.

2 Preliminaries

Here, we give some basic definitions, theorem and properties of fractional calculus theory that can be used in
understanding this paper.
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Definition 2.1: The most common fractional operators are the Riemann-Liouville Fractional Integral (RLFI), the
Riemann-Liouville Fractional Derivative (RLFD) and the Caputo Fractional Derivative (CFD) which are defined as
follows:

Let Xx: [a, b]—> R be a function, let o >0 be a real number, and let n = ]—a—|, where ¢ denotes the smallest integer

greater than or equal to « . For te [a, b] defined

OO L e e

F(a)

)
D) _ Fna) ) ek

a n nb
Dy X(t) _ (‘1) d (T 't)n_a_1X(T)dT
r(n-o)dt" <

—

¢ Dyx(t) _ (v 'T(T-t)”'“'lx(”)(r)dr

F(n-a)

t

where n= |_a—‘+1 for the definitions of Riemann-Liouville fractional derivatives, and for the Caputo fractional

derivatives.
Definition 2.2: Let the function 77:(0,=)— R, defined by

r(n)= je “t™dt,n>0. €)
0

Definition 2.3: Beta function is defined in terms of gamma function as

_ fi gy L(ME(m)
B(n,m)= [t"(1-t) dt—m

0

,n,meR" (4)
Theorem 2.1: Let @ € H#[a, b] for some 1 €[0,1] and let 0<n<1. Then

si0()= 0 e + ), 0

with some function T(t)= O((X - a)’m )
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3 Polynomial Approximate solutions

An approximate solution of the truncated Chebyshev and Power series orthogonal polynomials can be used to obtain the
approximations of (1) and (2) as defined in the form

un(t)=zn:aiq§i(t),0<n<oo. 6)
i=0
and
@,(t)= 1), ™

where 7 is the unknown to be determined and P(t) and T(t) are power series and Chebyshev orthogonal polynomials
respectively.
The r —th degree chebyshev polynomial of the first kind valid in [a,b] is defined as

T.(x)= cos{rcos‘l(zz —2a —1)} => Cix, 8)
k=0

—a

with
c"=2""b-a)". )

For this purpose, we consider @ =0 and b =1, so that (8) becomes

T, (x)=cos{rcos(2x -1)} = icé“)xk , (10)
k=0
To(X)=1LT, (X)=2x—1) (11)

This satisfies the recurrence relation

T..=22x-JT.(x) T, ,(x),r=123,... (12)

4 Perturbed Collocation Method by Power Series

Sequel to the theorem 2.1, we established the following corollary
Corollary 3.1 Let Q([to,tf 1, R) be defined by Q(S)= (s -1, )/j forsome f>-1land a>0,andlet o, fE€ R, and

se[t,,t;]- Then,

y } (t-5)"Q(s)ds= rl(;(.ﬁ (;133) (t-t,) . (13

(14)

"0
O
Q
O
—~
w
~
1]
[I—Y
—
1
w
~
&)
Q
—_
w
~—
o
w

substituting Q'(s)= B(s-t, "™ into (14), to obtain
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1 t
I (t-s)y"p(s-t, V™" ds. (15)

F(l-a)to
Let x= (5-t) ,sothat = X(s-t,)+t, and (t-t, )dx=ds, then
@'%)
1 t
. ) (16)
rl-a)  =[(t-s)“pls-t,) ds
o
ﬁ F -a p-1
ria) T j [t —t5) = x(t o) [x(t 1)1 (t -t )
_ -a+ [ 1
Al-t)™" = j(l- X)X dx.
F(l-oc) 0
1
Using Beta function I(l-t)“'ltﬂ'ldt = M, we have
0 r a+ﬁ)
}(t Ss)“(s-t, P ids= —LEFY ¢y yes )
F(l-a)to 0 F(l-a+,5) ° '
J |
Now considering equation (1) together with the perturbation term of the form
b
S D{u, (t)= F(t)+yu, (0)+ 2] k(ts), (s)ds+H, () (18)
where a<t<b,
n-1
H, 0= 0Ty et "
r=0
Now, substituting (6) into (18) and simplify to obtain
Df (2, +at+a,t? +a,t +..+a t")= f(t) (20)

+y(a0 +at+at’+at’+..+ ant")
b

+ AI k(t,s)a, +a,5+a,5> +a,s° +..+a,s" ds

a

+7l, (t)"' 7,1, 1(t)+ (AR 2(t)+~--

American University of Nigeria, 2" International Conference Proceeding, November 6-9, 2024, e-1SSN: 3027-0650



simplifying (20) further to obtain

{%t“'“ “y- AT k(t,s.)dsJa0 (21)

+(}£€n—a%t”'“ -yt -/l;fk(t,s)sds]a1

Fn"'l 00 g2 h 2
+(F(1 a) yt ij’k(t,s)s ds]a2

a

r(n+1) ... ’ 3
+(F( a+nt -yt Aé[k(t,s)sds}a3

F(n+1) n-a n_ " n
+[mt -yt ijk(t,s)s dsJan

7T (t)-7,T, ,(t)-7,T, ,(t)-..= f(t)

. b-a
Therefore, the time interval [a,b] is divided into N equally spaced (sub-intervals). Let tj =a+hj, where h=——

and j= 0(1)N , then, there is need to construct the associated system of algebraic equations in a manner that require less
computational time and give efficient results.

Now, collocating (21) at the node of t; , we have
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[L*'l))t?'“ -y - ,1} k(t,sj )sdsja0 (22)

F(l-a+n

(F oy t”“ yt, -AJ s, s, ds}
b
+(F](; th -ytjz-/llk(t,sj)sfds]az

(A

I'(\n+1 n-a n p n
+'"+(F(1(-—a+)n)tj -ytj-i_[k(t,sj)sjdsJan

ol (t,)-7T ot )- 2T, Lt )= £ )

Thus (21) gives rise to (N+3) algebraic linear equations in (N+3) unknown constants (ao,ai,...,aN,rl,t2,13,...)

together with the extra equations obtained from the boundary conditions. Altogether, we have (N+3) algebraic linear
equations in (N+3) unknown constants which are then solved by Maple 18 software to obtain the values of the unknown
constants.

5 Perturbed Collocation Method by Chebyshev Polynomials

In order to apply this method, we substitute an approximate solution (6) into a slightly perturbed equation (18) to gives

D/ (8, Ty () +aT, 0+ a,T, () +aT, )+ +a,T,(1)= f (1) =

+ V(aoTo (t)"' a1T1(t)+ a,T, (t)"' asTs(t)"' ~FaT, (t))

+i[KltsNagT,(o)+ T, () a,T, (sh+.+a,T, (5)ds

+ol, (t)+ 7,1, 1(t)+ (AR z(t)"'

simplifying (23) further to obtain
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(24)

(L—'—l))Ton a(t)_yTo(t)-,lj.k(t,s)To(s)dsJao

F(l-a+n

+(L+1))T; “(t)-yﬂ(t)-ij.k(t,s)-rl(s)ds]ai

I'l-a+n

I'l-a+n

+(L+l))T; ”-(t)-yTz(t)—/lik(t,s)l'z(S)dSJaz

+(L+1))T3n-a (t)-97,(t)- ,1} k(t,s)ra(s)dsJa3

7Ty (0)- 2T, 1 (0)- 7T, o(t)--..=

Now, collocating (24) at the node of t j o we have

(25)

[MT; a(tj)-yTO(tj)-ATk(t,sj)ro(Sj)dSJaO

F(l-a+n)

+[MT{‘ a(t,.)-yTl(t,-)-sz(t,s,-)n(s,-)ds}%

I'(l-a+n)

[ r(n+1) T"a )yTz(tj)-zjk(t,sj)Tz(sj)dsJaz

F1a+n

[t i e

F(l a+n

¥ .+(F(”—+1))Tn”“(t,-) 7, t;) Afk(t,sj)Tn(Sj)dS]an

F@ o+n
2T )-oT )T, L) = )

6 Numerical Examples

Problem 1: Consider the Fractional order integro-differential equation defined by Zhang et al [1]. as
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t
Dfu(t)=t(l+e' J+3e +u(t) _[u(s)ds,o <t<l3<a<4, (26)
0

subject to boundary conditions
u(0)=1,u"(0)=2,u(l)=1+e,u"(1)=3e. 27)
Comparing with equations (1) and (2), we have

ft)=tl+e J+3e' ,y=14= 1k(t,s)=1u, =11, =2, =1+e and 5, = 3e. (28)
Therefore, consider forth degree (n = 4) approximation, we have from approximate solution

4 .
u,= > at'=a +at+at’+at’+at’. (29)
i=0

Using power series polynomial approximate solution, we substitute equation (26) into collocation equation (25), and
together with the extra equations obtained from boundary conditions, gives the following matrix equation of the form

AX=Db as

0.50000 0.2500 —0.83333 —0.25000 —298645073 0.33333 —0.43321 0.55321 0.75321
0.87500 0.12500 —0.73333 —0.25000 —398645073 0.33300 —-0.43320 0.55320 0.75320
0.95000 0.56500 —0.53333 —0.85000 —498645073 0.63300 —-0.63300 0.65320 1.00000
0.98500 0.25000 —-0.73333 —0.72545 -598645073 0.67300 —-0.43320 0.89532 0.65532
0.54500 0.67250 —-0.33300 —0.725070 -698645070 0.73300 -0.87300 0.45500 0.24500
1 -1 1 -1 1 0 0 0 0
1 1 1 1 1 0 0 0 0
0 0 16 -96 320 0 0 0 0
0 0 16 96 320 0 0 0 0
a,) ( —6.70524
a | | -8.07055
a, | | -9.17052
ag —13.25245
a, |=| —17.37052
41 1
Ty 1+e
73 2
Ty 3e

Again, consider sixth degree (n = 6) approximation, we have from approximate solution

6 .
U= Y at' =a, +at+at’+at’ +a,t’ +at’ +ait®. (30)
i=0

Using Chebyshev polynomial approximate solution, we substitute equation (28) into collocation equation (25), and
together with the extra equations obtained from boundary conditions, gives also the system of equation of the form

Ax=b.

Problem 2: Consider the Fractional order integro-differential equation defined by Zhang et al [1]. as
t
Dfu(t)=1+(5+t)e' +ul(t) ju(s)ds,o <t<l5<a<6, (31)
0
subject to boundary conditions
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u(0)=0,u"(0)=2,u™(0)=4,u(l)=e,u"(1)=3eu™ = 5e. 32)
Comparing with equations (1) and (2), we have
f (t): l+(5+tkt ,yzl,i: 1’k(t,s):1”uo = O,qu = 21//‘4 = 4’;70 :l+e,772 - 3e and ;74 — 5e

6 Conclusion

This article presents a numerical solution approach for higher-order fractional integro-differential equations with
boundary value problems. Our methods are based on Power series polynomial and Chebyshev polynomial
approximations, which reduce the perturbed higher-order fractional integro-differential equation to a set of linear
algebraic equations. These equations can be easily solved using the standard collocation method and computer
implementation. The results obtained demonstrate that both the Power series polynomial and Chebyshev polynomial
methods can effectively handle these types of problems, as evident from the tables of results. The findings compare
favorably with the work of Zhang et al. [1], who used the Homotopy Analysis Method. In the first problem, varying the
order of a and B and the degree of approximations from 4 up to 6 shows that as the degree of approximation increases,
the accuracy of the results improves. Similarly, in the second problem, the results obtained at higher degrees of
approximation yield better outcomes. For future studies, we plan to investigate further the existence and unigueness of
perturbed fractional integro-differential equations with boundary value problems. Additionally, we aim to consider the
numerical solution of systems of these problems. We welcome comments and feedback from fellow readers to enhance
our research.
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